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Abstract
In this paper, we discuss Moudafi’s viscosity approximations with Meir–Keeler contractions. We first
present very simple proofs of Xu’s theorems concerning Moudafi’s approximations. We next prove that
Browder’s and Halpern’s type convergence theorems imply Moudafi’s viscosity approximations. Using
them, we finally state several deduced theorems.
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1. Introduction
The following famous theorem is referred to as the Banach contraction principle.
Theorem 1. (Banach [2]) Let (X,d) be a complete metric space and let Φ be a contraction on X,
i.e., there exists r ∈ (0,1) such that
d(Φx,Φy) rd(x, y)
for all x, y ∈ X. Then T has a unique fixed point.
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T. Suzuki / J. Math. Anal. Appl. 325 (2007) 342–352 343In 1969, Meir and Keeler [10] proved the following very interesting fixed point theorem.
Theorem 2. (Meir and Keeler [10]) Let (X,d) be a complete metric space and let Φ be a Meir–
Keeler contraction (MKC, for short) on X, i.e., for every ε > 0, there exists δ > 0 such that
d(x, y) < ε + δ implies d(Φx,Φy) < ε
for all x, y ∈ X. Then T has a unique fixed point.
This theorem is one of generalizations of Theorem 1 because contractions are Meir–Keeler
contractions.
We have studied more general mappings—nonexpansive mappings—in the framework of Ba-
nach and Hilbert spaces. Let C be a closed convex subset of a Banach space E. A mapping T
on C is called a nonexpansive mapping if ‖T x − Ty‖ ‖x − y‖ for all x, y ∈ C. We denote by
F(T ) the set of fixed points of T . Many fixed point theorems have been proved. For example,
we know that F(T ) is nonempty in the case when E is uniformly smooth and C is bounded;
see Baillon [1], see also [3,4,7,9] and others. Also, many convergence theorems to fixed points
have been proved. In 1967, Browder [5] and Halpern [8] proved strong convergence theorems in
the framework of Hilbert spaces with implicit and explicit iteration, respectively. These theorems
have been extended in several directions. For example, Reich [13] and Xu [21,22] extended these
theorems to uniformly smooth Banach spaces.
Theorem 3. (Reich [13]) Let C be a bounded closed convex subset of a uniformly smooth Banach
space E and let T be a nonexpansive mapping on C. Fix u ∈ C and define a net {yα} in C by
yα = (1 − α)Tyα + αu for α ∈ (0,1). Then {yα} converges strongly to Pu as α tends to +0,
where P is the unique sunny nonexpansive retraction from C onto F(T ).
Theorem 4. (Xu [21,22]) Let E, C, T , P and u be as in Theorem 3. Define a sequence {yn} in
C by y1 ∈ C and yn+1 = (1 − αn)T yn + αnu for n ∈ N, where {αn} is a real sequence in (0,1)
satisfying
(C1) limn αn = 0,
(C2) ∑∞n=1 αn = ∞
and limn αn+1/αn = 1. Then {yn} converges strongly to Pu.
We remark that in Theorem 3, the net {yα} is well defined because Theorem 1 assures the
existence and uniqueness of fixed points of contractions x → (1 − α)T x + αu.
Moudafi in [11] generalize Browder’s and Halpern’s theorems in another direction. Moudafi’s
generalizations are called viscosity approximations. They are very important because they are ap-
plied to convex optimization, linear programming, monotone inclusions and elliptic differential
equations. Xu [23] extended Moudafi’s theorems to uniformly smooth Banach spaces (Theo-
rems 5 and 6).
In this paper, we discuss Moudafi’s viscosity approximations with Meir–Keeler contractions.
We first present very simple proofs of Theorems 5 and 6. We next prove that Browder’s and
Halpern’s type convergence theorems imply Moudafi’s viscosity approximations with MKC. Us-
ing them, we finally state several deduced theorems.
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In this section, we give some preliminaries.
Throughout this paper we denote by N the set of all positive integers. For a real number t , we
denote by [t] the maximum integer not exceeding t . It is obvious that t < [t] + 1.
Let E be a Banach space. We denote by E∗ the dual of E. E is said to be smooth or said
to have a Gâteaux differentiable norm if the limit limt→0(‖x + ty‖ − ‖x‖)/t exists for each
x, y ∈ E with ‖x‖ = ‖y‖ = 1. E is said to have a uniformly Gâteaux differentiable norm if for
each y ∈ E with ‖y‖ = 1, the limit is attained uniformly in x ∈ E with ‖x‖ = 1. E is said to be
uniformly smooth or said to have a uniformly Fréchet differentiable norm if the limit is attained
uniformly in x, y ∈ E with ‖x‖ = ‖y‖ = 1.
Let C and K be subsets of a Banach space E. A mapping P from C into K is called sunny
[6] if P(Px + t (x − Px)) = Px for x ∈ C with Px + t (x − Px) ∈ C and t  0. The following
is proved in [12]; see also [20].
Lemma 1. (Reich [12]) Let E be a smooth Banach space and let J be the duality mapping from
E into E∗, that is, 〈x,J (x)〉 = ‖x‖2 = ‖J (x)‖2 for all x ∈ E. Let C be a convex subset of E, let
K be a subset of C and let P be a retraction from C onto K . Then the following are equivalent:
(i) 〈x − Px,J (Px − y)〉 0 for all x ∈ C and y ∈ K ;
(ii) P is both sunny and nonexpansive.
Hence, there is at most one sunny nonexpansive retraction from C onto K .
We note that if E is a Hilbert space and K is closed and convex, then the metric projection and
the sunny nonexpansive retraction from C onto K coincide. That is, when T is a nonexpansive
mapping on C, the sunny nonexpansive retraction from C onto F(T ) is the metric projection.
We know the following proposition. For the sake of completeness, we give a proof.
Proposition 1. Let C be a closed convex subset of a smooth Banach space E. Let K be a subset
of C and let P be the unique sunny nonexpansive retraction from C onto K . Let Φ be a mapping
on C, and let z belong to K . Then the following are equivalent:
(i) z is a fixed point of P ◦ Φ;
(ii) z is a solution of a variational inequality 〈Φz − z, J (z − y)〉 0 for all y ∈ K .
Proof. By Lemma 1, we can easily obtain that (i) implies (ii). Next, we assume (ii). Putting
y = P ◦ Φz, we have〈
Φz − z, J (z − P ◦ Φz)〉 0. (1)
On the other hand, putting x = Φz and y = z in (i) of Lemma 1, we also have〈
Φz − P ◦ Φz,J (P ◦ Φz − z)〉 0. (2)
From (1) and (2), we obtain〈
P ◦ Φz − z, J (z − P ◦ Φz)〉 0,
which implies (i). This completes the proof. 
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Proposition 2. Let Φ be an MKC on a convex subset C of a Banach space E. Then for each
ε > 0, there exists r ∈ (0,1) such that
‖x − y‖ ε implies ‖Φx − Φy‖ r‖x − y‖ (3)
for x, y ∈ C.
Proof. We note that Φ is nonexpansive. Fix ε > 0. Then there exists δ ∈ (0, ε) such that
‖u − v‖ < ε/4 + δ implies ‖Φu − Φv‖ < ε/4
for u,v ∈ C. We put
r := 4ε − δ
4ε
∈ (0,1).
Fix x, y ∈ C with ‖x − y‖ ε, and put a = ‖x − y‖. Then we have
‖Φx − Φy‖
[a/ε]∑
j=0
∥∥∥∥Φ
((
1 − ε + δ
4a
j
)
x + ε + δ
4a
jy
)
− Φ
((
1 − ε + δ
4a
(j + 1)
)
x + ε + δ
4a
(j + 1)y
)∥∥∥∥
+
∥∥∥∥Φ
((
1 − ε + δ
4a
([a/ε] + 1))x + ε + δ
4a
([a/ε] + 1)y)− Φy∥∥∥∥

([a/ε] + 1)ε
4
+
(
1 − ε + δ
4a
([a/ε] + 1))a
= a − δ
4
([a/ε] + 1) r‖x − y‖.
This completes the proof. 
Proposition 3. Let C be a convex subset of a Banach space E. Let T be a nonexpansive mapping
on C, and let Φ be an MKC on C. Then the following hold:
(i) T ◦ Φ is an MKC on C.
(ii) For each α ∈ (0,1), a mapping x → (1 − α)T x + αΦx is an MKC on C.
Proof. Let us prove (i). For each ε > 0, there exists δ > 0 such that
‖x − y‖ < ε + δ implies ‖Φx − Φy‖ < ε
for x, y ∈ C. Fix x, y ∈ C with ‖x − y‖ < ε + δ. Then ‖Φx − Φy‖ < ε, which implies ‖T ◦
Φx − T ◦Φy‖ < ε. This means that T ◦Φ is an MKC. Let us prove (ii). Fix α ∈ (0,1). For each
ε > 0, there exists r ∈ (0,1) satisfying (3). Put
δ := αε(1 − r)
1 − α + αr > 0.
Fix x, y ∈ C with ‖x − y‖ < ε + δ. In the case of ‖x − y‖ ε, we have
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 (1 − α + αr)‖x − y‖
< (1 − α + αr)(ε + δ) = ε.
In the other case of ‖x − y‖ < ε, we have∥∥(1 − α)T x + αΦx − (1 − α)Ty − αΦy∥∥ ‖x − y‖ < ε.
This completes the proof. 
The following lemma is well known. For example, see [21, Lemma 2.1].
Lemma 2. Let {αn}, {βn} and {γn} be sequences of nonnegative real numbers satisfying
∞∑
n=1
αn = ∞, lim
n→∞βn = 0, αn  1, and γn+1  (1 − αn)γn + αnβn
for n ∈N. Then {γn} converges to 0.
3. Simple proofs of Xu’s theorems
In this section, in order to express our idea, we present very simple proofs of Xu’s theorems
in [23]. Compare the following proofs with Xu’s proofs in [23].
Theorem 5. (Xu [23]) Let C be a bounded closed convex subset of a uniformly smooth Banach
space E. Let T be a nonexpansive mapping on C, let P be the unique sunny nonexpansive
retraction from C onto F(T ), and let Φ be a contraction on C. Define a net {xα} in C by
xα = (1 − α)T xα + αΦxα
for α ∈ (0,1). Then as α tends to +0, {xα} converges strongly to the unique point z ∈ C satisfying
P ◦ Φz = z.
Proof. Define a net {yα} in C by yα = (1 − α)Tyα + αΦz for α ∈ (0,1). Then by Theorem 3,
{yα} converges strongly to P ◦ Φz, which equals to z. For every α ∈ (0,1), we have
‖xα − yα‖ (1 − α)‖T xα − Tyα‖ + α‖Φxα − Φz‖
 (1 − α)‖xα − yα‖ + αr‖xα − z‖
and hence ‖xα − yα‖ r‖xα − z‖. Using it, we obtain
‖xα − z‖ ‖xα − yα‖ + ‖yα − z‖ r‖xα − z‖ + ‖yα − z‖.
Therefore
lim
α→+0 ‖xα − z‖
1
1 − r limα→+0 ‖yα − z‖ = 0.
This completes the proof. 
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C by x1 ∈ C and
xn+1 = (1 − αn)T xn + αnΦxn
for n ∈ N, where {αn} is a sequence in (0,1) satisfying (C1), (C2) and limn αn+1/αn = 1. Then
{xn} converges strongly to z.
Proof. Define a sequence {yn} in C by y1 ∈ C and yn+1 = (1−αn)T yn +αnΦz for n ∈N. Then
by Theorem 4, {yn} converges strongly to P ◦ Φz, which equals to z. For n ∈N, we have
‖xn+1 − yn+1‖ (1 − αn)‖T xn − Tyn‖ + αn‖Φxn − Φz‖
 (1 − αn)‖xn − yn‖ + αnr‖xn − z‖
 (1 − αn + αnr)‖xn − yn‖ + αnr‖yn − z‖
= (1 − αn + αnr)‖xn − yn‖ + (αn − αnr)r‖yn − z‖1 − r .
So by Lemma 2, we obtain limn ‖xn − yn‖ = 0. Hence limn ‖xn − z‖ = 0. This completes the
proof. 
4. Main results
In this section, we prove our main results.
Let {Sn} be a sequence of nonexpansive mappings on a closed convex subset C of a Banach
space E and let {αn} be a sequence in (0,1] with (C1). (E,C, {Sn}, {αn}) is said to have Brow-
der’s property if for each u ∈ C, a sequence {yn} defined by
yn = (1 − αn)Snyn + αnu (4)
for n ∈ N converges strongly. We let {αn} be a sequence in [0,1] with (C1) and (C2). Then
(E,C, {Sn}, {αn}) is said to have Halpern’s property if for each u ∈ C, a sequence {yn} defined
by y1 ∈ C and
yn+1 = (1 − αn)Snyn + αnu (5)
for n ∈ N converges strongly. We know that if E is a Hilbert space, C is bounded, {Sn} is a
constant sequence, then (E,C, {Sn}, {1/n}) has both Browder’s and Halpern’s property.
We first discuss Browder’s type convergence.
Proposition 4. Let (E,C, {Sn}, {αn}) have Browder’s property. For each u ∈ C, put Pu =
limn yn, where {yn} is a sequence in C defined by (4). Then P is a nonexpansive mapping on C.
Proof. Fix u,v ∈ C. Define sequences {un} and {vn} by
un = (1 − αn)Snun + αnu and vn = (1 − αn)Snvn + αnv
for n ∈N. We have
‖un − vn‖ (1 − αn)‖Snun − Snvn‖ + αn‖u − v‖
 (1 − αn)‖un − vn‖ + αn‖u − v‖
and hence ‖un − vn‖ ‖u − v‖ for n ∈N. This implies ‖Pu − Pv‖ ‖u − v‖. This completes
the proof. 
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a sequence {xn} in C by
xn = (1 − αn)Snxn + αnΦxn
for n ∈N. Then {xn} converges strongly to the unique point z ∈ C satisfying P ◦ Φz = z.
Proof. We note that Theorem 2 assures the existence and uniqueness of {xn} and z. Define a
sequence {yn} in C by
yn = (1 − αn)Snyn + αnΦz
for n ∈ N. Then by the assumption, {yn} converges strongly to P ◦ Φz, which equals to z. For
every n ∈N, we have
‖xn − yn‖ (1 − αn)‖Snxn − Snyn‖ + αn‖Φxn − Φz‖
 (1 − αn)‖xn − yn‖ + αn‖Φxn − Φz‖
and hence ‖xn − yn‖  ‖Φxn − Φz‖. Arguing by contradiction, we assume that {xn} does
not converge strongly to z. Then there exist ε > 0 and a subsequence {xnk } of {xn} such that‖xnk − z‖  ε for all k ∈ N. By Proposition 2, for such ε > 0, there exists r ∈ (0,1) satisfy-
ing (3). We have
‖xnk − z‖ ‖xnk − ynk‖ + ‖ynk − z‖ ‖Φxnk − Φz‖ + ‖ynk − z‖
 r‖xnk − z‖ + ‖ynk − z‖
and hence
ε  lim sup
k→∞
‖xnk − z‖
1
1 − r limk→∞‖ynk − z‖ = 0.
This is a contradiction. Therefore {xn} converges strongly to z. This completes the proof. 
We next discuss Halpern’s type convergence.
Proposition 5. Let (E,C, {Sn}, {αn}) have Halpern’s property. For each u ∈ C, put Pu =
limn yn, where {yn} is a sequence in C defined by (5). Then the following hold:
(i) Pu does not depend on the initial point y1.
(ii) P is a nonexpansive mapping on C.
Proof. Fix u ∈ C. We first show (i). Define sequences {un} and {yn} by u1 = u, y1 ∈ C,
un+1 = (1 − αn)Snun + αnu and yn+1 = (1 − αn)Snyn + αnu
for n ∈N. Then we have
‖un+1 − yn+1‖ (1 − αn)‖Snun − Snyn‖ (1 − αn)‖un − yn‖
and hence limn ‖un − yn‖ = 0 by Lemma 2. This means that Pu does not depend on y1. We next
show (ii). We fix v ∈ C and define a sequences {vn} in C by
v1 = v and vn+1 = (1 − αn)Snvn + αnv
for n ∈N. We have
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 (1 − αn)‖un − vn‖ + αn‖u − v‖.
Therefore by induction, ‖un − vn‖  ‖u − v‖ for n ∈ N. This implies ‖Pu − Pv‖  ‖u − v‖.
This completes the proof. 
Theorem 8. Let E, C, {Sn}, {αn} and P be as in Proposition 5. Let Φ be an MKC on C. Define
a sequence {xn} in C by x1 ∈ C and
xn+1 = (1 − αn)Snxn + αnΦxn
for n ∈N. Then {xn} converges strongly to the unique point z ∈ C satisfying P ◦ Φz = z.
Proof. Define a sequence {yn} in C by y1 ∈ C and
yn+1 = (1 − αn)Snyn + αnΦz
for n ∈ N. Then by the assumption, {yn} converges strongly to P ◦ Φz, which equals to z. Ar-
guing by contradiction, we assume lim supn ‖xn − yn‖ > 0. Then we choose ε with 0 < ε <
lim supn ‖xn − yn‖. By Proposition 2, for such ε, there exists r ∈ (0,1) satisfying (3). We also
choose ν1 ∈N satisfying
r‖yn − z‖
1 − r < ε
for all n ν1. We note that
‖Φu − Φv‖max{r‖u − v‖, ε}
for all u,v ∈ C. Now, we divide the following two cases:
(i) There exists ν2 ∈N satisfying ν2  ν1 and ‖xν2 − yν2‖ ε.
(ii) ‖xn − yn‖ > ε for all n ν1.
In the case of (i), we have
‖xν2+1 − yν2+1‖ (1 − αν2)‖Sν2xν2 − Sν2yν2‖ + αν2‖Φxν2 − Φz‖
 (1 − αν2)‖xν2 − yν2‖ + αν2 max
{
r‖xν2 − z‖, ε
}
max
{
(1 − αν2 + αν2r)‖xν2 − yν2‖ + αν2r‖yν2 − z‖,
(1 − αν2)‖xν2 − yν2‖ + αν2ε
}
max
{
(1 − αν2 + αν2r)‖xν2 − yν2‖ + (αν2 − αν2r)
r‖yν2 − z‖
1 − r ,
(1 − αν2)‖xν2 − yν2‖ + αν2ε
}
 ε.
By induction, we can prove that ‖xn − yn‖  ε for all n  ν2. This contradicts ε <
lim supn ‖xn − yn‖. In the case of (ii), for each n ν1, we have
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 (1 − αn)‖xn − yn‖ + αn‖Φxn − Φyn‖ + αn‖Φyn − Φz‖
 (1 − αn + αnr)‖xn − yn‖ + (αn − αnr)‖yn − z‖1 − r .
So by Lemma 2, we obtain limn ‖xn − yn‖ = 0. This is a contradiction. Therefore
limn ‖xn − yn‖ = 0. Thus we obtain
lim
n→∞‖xn − z‖ limn→∞
(‖xn − yn‖ + ‖yn − z‖)= 0.
This completes the proof. 
By Theorems 7 and 8, we can replace “Φ is a contraction” with “Φ is a Meir–Keeler contrac-
tion” in Theorems 5 and 6.
5. Deduced theorems
Using Theorems 7 and 8, we can obtain many convergence theorems. We state some of them.
The following theorem is deduced by a recent result in Suzuki [17].
Theorem 9. Let E be a Banach space whose norm is uniformly Gâteaux differentiable. Let T be
a nonexpansive mapping on a closed convex subset C of E, and let Φ be an MKC on C. Define
a sequence {xn} in C by x1 ∈ C and
xn+1 = (1 − αn)
(
λT xn + (1 − λ)xn
)+ αnΦxn (6)
for n ∈ N, where λ ∈ (0,1) and {αn} is a sequence in [0,1] with (C1) and (C2). Assume that
(E,C, {T }, {1/n}) has Browder’s property, and let P be as in Proposition 4. Then {xn} converges
strongly to the unique point z ∈ C satisfying P ◦ Φz = z.
As a direct consequence of Theorem 9, we obtain the following.
Corollary 1. Let C be a bounded closed convex subset of a Hilbert space E. Let T , Φ , {αn}, λ
and {xn} be as in Theorem 9. Then {xn} converges strongly to the unique point z ∈ C satisfying
P ◦ Φz = z, where P is the metric projection from C onto F(T ).
We next discuss convergence theorems for families of nonexpansive mappings. While {Sn} is
a constant sequence in Theorem 9, {Sn} is not constant in theorems below. Using results in [15,
16,18,19], we obtain the following. We note that we can extend Theorems 10 and 11 to uniformly
smooth Banach spaces.
Theorem 10. Let C be a bounded closed convex subset of a Hilbert space E. Let {Tk: k ∈ N}
be an infinite family of commuting nonexpansive mappings on C, and let Φ be an MKC on C.
Let {αn} and {tn} be sequences in (0,1/2) satisfying limn tn = limn αn/t
n = 0 for 
 ∈ N. Define
a sequence {xn} in C by
xn = (1 − αn)
(
1 − 2tn
1 − tn T1xn +
∞∑
k=1
tknTk+1xn
)
+ αnΦxn
for n ∈ N. Then {xn} converges strongly to the unique point z ∈ C satisfying P ◦ Φz = z, where
P is the metric projection from C onto ⋂∞n=1 F(Tn).
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be a one-parameter nonexpansive semigroup on C, and let Φ be an MKC on C. Let τ be a
nonnegative real number and let {αn} and {tn} be real sequences satisfying 0 < αn < 1, 0 <
τ + tn, tn = 0 and limn tn = limn αn/tn = 0. Define a sequence {xn} in C by
xn = (1 − αn)T (τ + tn)xn + αnΦxn
for n ∈ N. Then {xn} converges strongly to the unique point z ∈ C satisfying P ◦ Φz = z, where
P is the metric projection from C onto ⋂t0 F(T (t)).
We finally state the following theorem, which follows from [14, Theorem 9].
Theorem 12. Let E, C, {T (t): t  0}, Φ and P be as in Theorem 11. Let {αn} and {λn} be
real sequences in [0,1] and (0,∞), respectively, satisfying (C1), (C2), and limn λn = 0. Define
a sequence {xn} in C by
xn+1 = (1 − αn)λn
∞∫
0
exp(−λnt)T (t)xn dt + αnΦxn
for n ∈N. Then {xn} converges strongly to the unique point z ∈ C satisfying P ◦ Φz = z.
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